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Abstract 

H . 

Electromagnetic phenomena can be described by Maxwell equations 
r—{ • written for the vectors of electric and magnetic field. Equivalently, electro- 

dynamics can be reformulated in terms of an electromagnetic vector poten- 
tial. We demonstrate that the Schrodinger equation admits an analogous 
treatment. We present a Lagrangian theory of a real scalar field <f> whose 
equation of motion turns out to be equivalent to the Schrodinger equa- 
tion with time independent potential. After introduction the field into the 
qq ' formalism, its mathematical structure becomes analogous to those of elec- 

, trodynamics. The field <f> is in the same relation to the real and imaginary 

£f) ■ part of a wave function as the vector potential is in respect to electric and 

magnetic fields. Preservation of quantum-mechanics probability is just an 
energy conservation law of the field <f>. 



1 Introduction 

X 

$_i ■ Lagrangian formalism is based on Euler-Lagrange equations of mo- 

tion. They represent a system of second-order differential equations 
written for a set of variables that describe the position of a physical 
system of interest. Hamiltonian formulation suggests an equivalent 
description in terms of first-order equations written for independent 
variables describing the position and velocity of the system. 

From the beginning, some important equations of physics have 
been formulated in the Hamiltonian-type form. In particular, a pair 
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of Maxwell equations, containing the temporal derivative, represents 
a Hamiltonian system. 

For a mechanical system that obeys the Hamiltonian equations 
of motion, the existence of a Lagrangian formulation can be proved. 
For a continuous (field) field systems, construction of a Lagrangian 
formulation is not so trivial procedure, due to presence of spatial 
derivatives of the fields. For instance, to reformulate the Maxwell 
equations as the second-order Lagrangian system, one needs to pass 
from the description in terms of electric E and magnetic B fields 
to those in terms of either the three-dimensional vector potential A 
or the four- dimensional vector potential A^. The initial fields are 
related with the three-dimensional potential by differential operators 

E = --d t A, B = V x A. (1) 

It should be noticed that the importance of the reformulation can 
not be overestimated, being the starting point for modern formula- 
tion of classical and quantum theory of electromagnetic field. 

While in some cases it requires the use of rather sophisticated 
methods, Lagrangian formulations have been found for most funda- 
mental equations of mathematical physics. One of equations which, 
up to present, is not included into this list, is the Schrodinger equa- 
tion. In this work we discuss the possibility to construct a La- 
grangian formulation for the Schrodinger equation in the sense that 
we look for the second-order equation for unique real field cf> that 
would be equivalent to the Schrodinger equation^- After introduc- 
tion the field into the formalism, its mathematical structure becomes 
analogous to those of electrodynamics. In particular, as well as A 
represents a potential for magnetic and electric fields, the field </> 
turns out to be a potential for the wave functional, giving its real 
and imaginary parts by differentiation 

h 2 

Im^Sf = hd t cf), Re\l> = —(—A - V)<f>. (2) 

So, the real field will be called below the wave-function potential. 

The work is organized as follows. Formulation of electrodynam- 
ics in terms of the three-dimensional potential is usually achieved by 

1 In fact, the problem has been raised already by Schrodinger [1]. Eq. (13 1 1 below has been 
tested by Schrodinger as a candidate for the wave function equation and then abandoned. 

2 We stress that it does not affects the foundations of Quantum Mechanics. We are talking 
only on a similarity between the mathematical structures of the two theories. 
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solving the pair of homogeneous equations of the Maxwell system 
[2, 3]. In Sect. 2 we proceed in a slightly different way, separating 
a pair of the Hamiltonian-type equations and replacing the other 
pair by appropriate initial conditions. Hence the Maxwell system 
is equivalent to the Hamiltonian system which must be solved un- 
der these initial conditions. The Hamiltonian equations can be then 
turned out into the second order equations for the vector potential. 
As it will be seen, in this setting, similarity of the electrodynamics 
and the quantum- mechanics formulations became transparent. In 
Sect. 3 we apply a similar procedure to the Schrodinger equation, 
obtaining the Lagrangian action for the wave-function potential and 
demonstrate the equivalence of equation of motion for the potential 
to the Schrodinger equation. In the Conclusion we compare the re- 
sults of two sections and observe the remarkable similarities between 
the formulations. They are summarized in Figure 1. 

2 Electrodynamics in terms of three-dimensional 
vector potential 

Moving electric charges can be described using the charge density 
p(t,x a ) and the current density vector J(t,x a ) = p(t,x a )v(t,x a ), 
where v is the velocity of a charge at t, x a . They produce the electric 
E(£, x a ) and the magnetic B(t,x a ) fields. According to Maxwell, an 
electromagnetic field is described by six functions E, B subject to 
eight equations 

-d t E — V x B = --J, (3) 

c c 

^-d t B + V x E = 0, (4) 

V • E = p, (5) 

V-B = 0. (6) 

We use the notation V^i^), ip=dt<p=^l, A=£*. 
There are six equations of the first order with respect to time, (j3J), 
(jl]). Two more equations (J5j), (J6j) do not involve the time derivative 
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and hence represent the field analogy of kinematic constraints. We 
first reduce the number of equations from eight to six. 
Maxwell equations as the Hamiltonian system. A specific 
property of the Maxwell system is that the constraint equations can 
be replaced by properly- chosen initial conditions for the problem. 
Indeed, consider the following problem 

-d t E — V x B = —J, (7) 

c c 

-d t B + V x E = 0, (8) 

c 

with the initial conditions 

[V-E-p]| t=0 = 0, V-B| t=0 = 0. (9) 

This is equivalent to the problem ©-(El). Any solution to ©-© 
satisfies the equations (ED)-®. Conversely, let E, B be the solution 
to the problem ©-flH]). Taking the divergence of Eq. ([7]), we obtain 
the consequence! d t V ■ E + V • J = d t [V ■ E - p] =0. The initial 
condition (Q then implies V • E — p = 0, that is, Eq. ([5]). In the 
same way, taking the divergence of Eq. ([8]) we arrive at Eq. ([6]). 

Considering B as the conjugate momentum for E, the equations 
0, dHD can be considered as a Hamiltonian equations 

i=*4, = no) 

dp dq 



where the Hamiltonian is 
H = [ d 3 x 



-B-VxB + -E-VxE-B-J 

2 2 



From an electric and magnetic fields to the vector poten- 
tial. To restore the Lagrangian formulation starting from a given 
Hamiltonian equations f lTUj) . it is sufficient to resolve the first equa- 
tion from ( TTU]) with respect to p. Substituting the solution p(q, q) 
into the second equation, we obtain the Lagrangian equation for the 



3 Here we have used the continuity equation. Recall that the charge and current densities 
in Maxwell equations can not be taken as arbitrary, but must obey the continuity equation 
dtp + V ■ J = 0. This follows from Eq. if we compute the divergence of both sides, and 
then use the identity V ■ V X B = as well as Eq. 10. 
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position variable q. Substitution of the solution into the expression 
pq — H(q,p) gives the corresponding Lagrangian, see for example 
[4]- 

For the present case, one needs to extract B from Eq. ([7]). Due 
to presence of spatial derivatives of B, this can not be done by 
algebraic methods. So, to find a Lagrangian description, we need to 
reformulate the problem. To make transparent the similarity of the 
electrodynamics and the quantum mechanics formalisms, we do the 
reformulation following to a slightly different way as compare with 
the standard textbooks [2, 3]. 

It is convenient to unify the vectors E, B into the complex field 

W = B + iE. (12) 
Then Eqs. (J7])-© can be written in a more compact form 

Hd t + VxW = ij, [V-W-z P ]| t=0 = 0. (13) 

If we look for a solution of the form W = (— - c d t + VxYA, the 
equations that appear for A turn out to be real. They reacjj 

-8? A - AA + V(V • A) = -J, (14) 

cr c 



[<9 t V-A + cp]| t=0 = 0, (15) 

Hence it is consistent to take A as a real function. Thus, any real 
solution A(t, x) of Eq. ffl4l) determines a solution 

B = VxA, E=— -d t A. (16) 

of the Maxwell equations. 

Conversely, any given solution E, B of the Maxwell equations can 
be written in the form ( flBT) . where A is a solution to the problem 
(fl4l) . ( |T5l) . To see this, we construct the field 

A{t,x i ) = -c[ Efax^dr + Ktf), (17) 
Jo 

4 we use the identity e cab e cmn = 5 am S bn —6 a n$bm, tncn V X (V X A) = -AA + V(V ■ A). 
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where K is any solution to the equation 

VxK = B(0,x i ). (18) 

The existence of the solution K of this equation is guaranteed by 
the equation (Q. By direct substitution, we can verify that the field 
constructed obeys the equations^] (IT5|) . (EH]), (IT5|) . 

Equations of motion f fl4|) for the vector potential follow from the 
Lagrangian action 



S = / dtd 3 x 



-^d t A ■ d t A - - V x A ■ V x A + - A • J 

2c 2 2 c 



(20) 



Note that the solutions A(t, x l ) and A(t, I'j+Vafi'), where a(x l ) is 
an arbitrary function, determine the same E, B. The action reflects 
this fact, being invariant under these transformation^. 

In short, Maxwell equations can be reformulated as a Hamilto- 
nian system that admits a Lagrangian formulation in the appropri- 
ately chosen variables. 

Maxwell equations as a generalized Hamiltonian system. 

For the later use, we mention that the free Maxwell equations can 
be considered as a generalized Hamiltonian system [5, 6]. Indeed, 
we can rewrite (JTj), dHJ with J = in the form 

d t E = {E,H'}', d t B = {B,H'}', (21) 

where H' is the generalized Hamiltonian 



H' = J Sx°- [E 2 + B 2 ] , 



(22) 



and the non-canonical Poisson bracket is specified by 



{E&x^Bfay)}' = -e iyk d%5 3 (x-y). (23) 

In contrast to H, the generalized Hamiltonian H' does not contain 
the spatial derivatives of fields. 



5 we point out that the initial condition JT5J can be transformed back into the differential 
equation. It is easy to see that the problem 

\d?A- AA + V(V-A)-ij = 0, dtV ■ A + cp = 0, (19) 

is equivalent to the problem 1141 . 11511 . 

6 The transformation is a reminiscence on a gauge invariance of the four-dimensional for- 
mulation that survives in the gauge Ag = 0. 



G 



3 Real scalar potential of a quantum-mechanics 
wave function 

Schrodinger equation as a Hamiltonian system. Consider the 
quantum mechanics of a particle subject to the potential V(t, x l ). 
The Schrodinger equation for the complex wave function ty(t,x i ) 

h 2 

iMf = + VV, (24) 

2m v ; 

is equivalent to the system of two equations for two real functions 
(the real and imaginary parts of ^—(p+ip). We have 

f*P = - (|^A - v\ p, (25) 



hp = (|-A - v) if. (26) 
\2m J 

We can treat tp(t,x l ) and p(t, X J clS coordinate and conjugate mo- 
menta of the field p at the space point x l . Then the system has 
the Hamiltonian form p={p, H}, p={p,H}, with the Hamiltonian 
being 

H = i kj d3x (1^^ + + v ^ 2+p2 }) ■ ( 2? ) 

Hence the equations (1251) . ( 12 6 p arise from the variation problem with 
the Hamiltonian action being 



(28) 



Sh = J dtd x [rep— 
1 / h 2 ■ - - 



Disregarding the boundary term, this can also be rewritten in terms 
of the wave function \1/ and its complex conjugate \&* 



Sh = / dtd x 



2 



2 V ; 2m 



(29) 



From a wave function to the wave-function potential. Due to 

the Hamiltonian nature of the Schrodinger equation, it is natural to 



7 



search for a Lagrangian formulation of the system (125]) . (I26I) . that 
is a second-order equation with respect to the time derivative for 
the real function tp(t, x % ). As it has been already mentioned in Sect. 
2, we need to solve (J2SJ) with respect to p and then to substitute 
the result either in Eq. (126 p or into the Hamiltonian action (I28p . 
This leads immediately to the rather formal non-local expression 
p=h{— ^-A — V)~ 1 d t (p. Similarly to the case of electrodynamics, the 
Schrodinger system cannot be obtained starting from a Lagrangian. 
Nevertheless, for the case of time-independent potential V(x l ), there 
is a Lagrangian field theory with the property that any solution to 
the Schrodinger equation can be constructed from a solution to this 
theory. To find it we look for solutions of the form 

ft 2 

* = A-V)<j> + ih(j), (30) 

2m 

where (p(t, x % ) is a real function. Inserting (|3"U|) into fflM we conclude 
that \1/ will be a solution to the Schrodinger equation if obeys the 
equation 

h^+(^-A-V) 2 4> = 0, (31) 
2m 



which follows from the Lagrangian action 



S = / dtcPx 



ft ■ ■ 1 ft 2 ft 2 

Ol^ - _L(_a - V)(p(—A - VU 

2^ 2/T2m !vy 2m !V 



(32) 



This can be treated as the classical theory of field (p on the given ex- 
ternal background V(x % ). The action contains Planck's constant as 
a parameter. After the rescaling (t, x l , <p)^(ftt, ftx\ \fft(f)) it appears 
in the potential only, V(ftx l ), and thus plays the role of a coupling 
constant of the field 4> with the background. 

Similarly to electrodynamics, different potentials can lead to the 
same wave function. It follows from the observation that any func- 
tion a{x l ) which obeys the equation (|^A — V)a = produces a 
vanishing wave function (1311 . So, the potentials 4> and (j)+a produce 
the same wave function. 

In quantum mechanics the quantity has an interpretation 

as a probability density, that is the expression \I/*(£, x l )^(t, x l )d 3 x 
represents the probability of finding a particle in the volume d 3 x 
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around the point x % at the instant t. According to the formula ( 130|) . 
we write 

m*m = h 2 {& 2 + [(-^- a + v)(j)\ 2 = 2hE, (33) 

Zi ill 

where E=T + U is the energy density of the field (p. Eq. ( 133]) 
states that the probability density is the energy density of the wave 
potential (j). So the preservation of probability is just an energy 
conservation law of the theory (I3"2"]) . 

Equivalence of equation for the wave-function potential to 
the Schrodinger equation. Any solution to the field theory 
fl32|) determines a solution to the Schrodinger equation according 
to Eq. fl30|) . We should ask whether an arbitrary solution to the 
Schrodinger equation can be presented in the form (1301) . An affir- 
mative answer can be obtained as follows. 

Let ty=Lp+ip be a solution to the Schrodinger equation. Consider 
the expression (1311 as an equation for determining (f> 

= lp, (34) 



(—A - V)cf> = -v, (35) 

Here the right-hand sides are known functions. Take Eq. (1351) at 
t= 0, A — V)4>=— ^(0, a; 4 ). The elliptic equation can be solved (at 
least for the analytic function Lp(x l ) [7] ); let us denote the solution 
as C(x l ). Then the function 

If* 

Mt,x l ) = ~\ drp(T,x l ) + C(x l ), (36) 

obeys the equations (1341) . (1351) . They imply the desired result: any 
solution to the Shrodinger equation can be presented through the 
field and its momenta according to (1301) . Finally, note that Eqs. 
(1311). (1351) together with Eqs. ([25]), ([26]) imply that <p obeys Eq. 

Schrodinger equation as the generalized Hamiltonian sys- 
tem. Let us finish this subsection with one more comment. As we 
have seen, treating a Schrodinger system as a Hamiltonian one, it 
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is impossible to construct the corresponding Lagrangian formula- 
tion owing to the presence of the spatial derivatives of momentum 
in the Hamiltonian. To avoid this problem, we can try to treat 
the Schrodinger system as a generalized Hamiltonian system. We 
rewrite (125 j) in the form 

<p={<p,H'}', p={p,H'Y, (37) 

where H' is the generalized Hamiltonian 

H' = J d 3 x±(p 2 + tp 2 ) = J d 3 x^^, (38) 

and the non-canonical Poisson bracket is specified by 

{ip,v>y = {p,py = o, 

W(t,x),p(t, y)}> = -(^-A - V)5\x - y). (39) 

2m 

In contrast to H, the Hamiltonian H' does not contain the spatial 
derivatives of momentum. 

We point out that a non-canonical bracket turns out to be a char- 
acteristic property of a singular Lagrangian theory. This observation 
has been explored in the recent work [8], where we show that there 
is a singular Lagrangian theory subject to second-class constraints 
underlying both the Schrodinger equation and the theory of the field 

4 Conclusion 

Results of the present work can be resumed as follows. 

1. It has been demonstrated that the Schrodinger equation (p^|) 

with time-independent potential V(x l ) is equivalent to the second 

order equation (I3T]) for the real function (j). So, in applications one 

can look for solutions of the equation (IHT1) instead the Schrodinger 

one. 

The formula (1301) implies that after introduction of the field 4> 
into the formalism, its mathematical structure becomes analogous 
to that of electrodynamics. The dynamics of the magnetic B and 
electric E fields is governed by first-order Maxwell equations with 
respect to the time variable. Equivalently, we can use the vector 
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Electrodynamics 


Quantum mechanics 


Maxwell equations can be con- 
sidered as a Hamiltonian system 
with the Hamiltonian 
§(fl, [V, £]) + §(£, [V,E])-{Bj) 


Schrodinger equations can be con- 
sidered as a Hamiltonian system 
with the Hamiltonian 
£.(VipV<p+^VpVp) + V(<p 2 + P 2 ) 


There is a Lagrangian formulation 
in terms of A 


There is a Lagrangian formulation 
in terms of 4> 


A represents the potential for mag- 
netic and electric fields, one has 
B + iE = VxA - l 7 d t A 


4> represents the wave-function po- 
tential, one has 

* = <p + ip = -(A - V)<j> + ihd t 4> 


While the Maxwell equations are 
written in terms of B, E, the field 
E is the conjugate momenta for A 
but not for B 


While the Schrodinger equation is 
written in terms of tp, p, the field p 
is the conjugate momenta for (f> but 
not for ip 


=1 =T 

The vector potentials A and A + 
Va(i°) produce the same electro- 
magnetic field 


Scalar potentials </> and <fi + a(x a ), 
where ( j-A — V)a = produce the 
same wave function 


Free Maxwell equations form the 
generalized Hamiltonian system 
with the Hamiltonian %(E 2 + B 2 ) 


Schrodinger equation forms the gen- 
eralized Hamiltonian system with 
the Hamiltonian ^ (p 2 + ip 2 ) 



Figure 1: Real field as a wave- function potential. 



potential A, which obeys the second-order equations following from 
the Lagrangian fl20|) . A represents the potential for magnetic and 
electric fields, generating them according to B = V x A, E = 
— -QjA. Similarly to this, the field (f> turns out to be a potential for 
the wave function, generating its real and imaginary parts according 
to Re# = -(£A - V)(p, Imtf = Hd t (p. 

2. Comparing the reasonings in sections 2 and 3 we observe the 
remarkable similarities between mathematical structure of electro- 
dynamics and quantum-mechanics . They are summarized in Figure 
1 on the page [TTJ 

5 Acknowledgments 

The author would like to thank the Brazilian foundations CNPq 
(Conselho Nacional de Desenvolvimento Cientfico e Tecnolgico - 
Brasil) and FAPEMIG for financial support. 



11 



References 

[1] E. Schrodinger, " Quantisierung als Eigenwertproblem (Vierte 
Mitteilung)," Ann. Physik 81, 109-139 (1926); see also letters 
by Shrodinger to Lorentz in: K. Przibram, Briefe ziir Wellen- 
mechanik, (Wien, 1963). 

[2] L. D. Landau and E. M. Lifshits, The Classical Theory of Fields 
(Oxford: Pergamon Press, 1980). 

[3] J. D. Jackson, Classical electrodynamics (John Wiley and Sons, 
New York, 1975). 

[4] V. I. Arnold, Mathematical methods of classical mechanics 
( Springer- Verlag, New York, 1989). 

[5] W. Pauli (1933), General Principles of Quantum Mechanics 
(Springer, Heidelberg, 1981). 

[6] M. Born and L. Infeld, "On the quantization of the new field 
theory," Proc. Roy. Soc. A 150, 141-166 (1935). 

[7] R. Courant and D. Hilbert, Methods of Mathematical Physics 
(New York: Interscience Publishers Ltd., 1956). 

[8] A. A. Deriglazov, "On singular Lagrangian underlying the 
Schrodinger equation," Phys. Lett. A 373, 3920-3923 (2009). 



12 



